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Br Joseph S. Newell and Eric Reilssner CL .
SUKMMARY e

The problem of the distribution of normal stress
across a wide corrugated sheet used as the chord of a box-
beamlike structure is investigated theoretically and ex- o
perimentally. ZExpressions are developed Ilving the stress
distribution in beams symmetrical or unsvmmetrical abont o
e plane passed spanwise through the center of the sheot. .
The experiments werc arranged to lnsure pending without
torsion and surveys of tae normal stresses were made by
means of mechanlocal and electrical straln <gages.

The experimental data showed very Zood agreement with -
the shave of the theoretical curves, especlally at the
highly stressed sections, for both the symmetrical and un-
synmetrlcal beams.

Several sucggestions for future research are lncluded.
INTRODUGTION ' N

This vpaper is presented in two parts. In part I, ex-
presslions are developed for the distrliution of normal
gtress across s wide corrugated sheet used as jthe chord of
a box beam, regard beins given to the variation in normal
stress resulting from shear lag in the shect, The devel-
oped expressiona cover the caseg of symmeitrlcal and unsym-
metrical box beams with respect to a plane passed spanwise
through the center of the shest.

In part II of the paper, the experlimental results
are prosented.: Straln-zage surveys were made to obdbtaln
the distridution of normal stresses across a serles of sec-
tions of the corrugsted sheot. Huzkenberger tensometors _
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were used for the symmetrical beem, and both Huggenberger
tensometers and a flne=-wire électrical gage_ were used for
the unsymmetrical .specimen. . Because .the corrugated sheet
was not perfectly flat and because complications due to
posslble lncreased buckling of the sheet were to be
avolded, the beams were always loaded so that the sheet
formed the tension chord of the box.

Inasmuch as more data were obtained for the unsym-
metrical specimen, the data for that beam are somewhat
more definite than for the symmetrical. The shape of the
stress~-distribution curves at all sectlons is in general
accord wlth the dsveloped. theory.

The theoretical propedure presented in part I is the
work of Dr, Eric Reigsner of the Department of Mathematice .
of the Massachusetts Ingtitute of Technoloqu At his sug-
'gestion, Hymen Katz investigated the effect of varying
certaln transverse stiffnesses on the symmetrical beam;
the data credited to him are taken from reference 1l.

Aldridge (reference 2) and Amarante (references 3
and 4) carried out the experimental work on the symmetri-
cal beam, The test data are taken from references 2, 3,
and 4; most of the work was from the tests of Amarante.
who investlgated several cross sectlons of the bean. :

The wire-resistance strain gages were .ieveloped by
Prof. A, C. Ruge of Massachusetts Institute of Technology.
They were adapted for use on the corrugated sheet by W. T,
Shuler, who also made the stress gsurveys on the unsymmet-~
rical beam.

The entlre project was carried out under the super-
vision of Prof. J. S. Newell of the Aeronautice Department
of the Massachusetts Inetitute of Technology. It was
made poedible by financial.assistance from the National
Advisory Committee for Aeronautics, under 1ts program for
fostering research in educational inpstitutions.
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- PART I - THEORETICAL INVESTIGATION

A -~ SCOPE OF THE THEORY DEVELOPED -

PR -

The present theory of the shear lag may be consld-
ered a8 occupylng a povsition internediate dbetween those
proposed by Von Kérmdn, Reissner, Younger, Kuhn, and
Ebner and Koller. (See references 5 to 8, &nd 10.) It
was first presented in 1938 (reference 9) without, how-
ever, elucidating its relation to the éxlisting theorlies.
It may be briefly described br saying that it is epplice-
ble to the oroblems of Von Xidrmdn and Younger without
belng of the same mathematical complexity and that ik ray
be used on problems to which Euhn 8, and Ebner and Koller's
-theories ars. not applicahle.

The relation between the different taeories will dYe
brouﬁht out in section B. -In section G, the present the-
ory lg apnlied to the aralysias of a2 evmmetrical oue-bay
beam; calculetions prev'ouslv renorted ia references 1 and
9 have been partly repeated and extended. In sect*on D
the theory is used for the analysis of an unsymmetrical
one~bay beam under unsymmetrical loadin¢ conditions. The
precegdgure used with tnis case hae not been Uublisned pro=
-viouely. .

-

- L]
e .‘

lB - THE HATHEHATIGAL FUNDAHENTALS OF THE SHEAR LAG THﬁORI

LN
-

DESCRIPTION OF THE STRUCTURE ANALYZED e

The fundamentals of the shear—laq thepry are best ex-
vlained by considering one simple structure; s symmetrical
box beam characterized by the followinq data js utiliged

ij.lr '

here (ses fiq. 1): R . _ _ [ —

L3

‘The span length 'L

The wldth 2w. Witn corrugated sheet, 2w 18 the
- developed wildith' of the corru{ated sheet, being
c. times the projescted width where "¢ is_g_coef~

ficient dependirsg upon the pitdh -depth ratio of _
the corrugabimn.'
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The moment of inertla of- the side beam and cover
plates, I,.

The thickness of the cover sheet, ¢.
The elastio modull of the cover sheet.

The.croas—sectional area 4 df a stringer symmetrl-
cally attached to the cover sheet, if & stringer
. be used.

This box beam is assumed to be rigidly. supported at
one end and to be loaded at the free ends of .the side
beans.

- The aim of the progcedure developed here is the deter-
mination of the distribution of stress 1In the cover sheet,
in the slide beams, and 1n the middle stiffener if one be
used. The need for such a procedure was shown by siraln
gsurveys on airplane wings, which demonstrated that all .
regiona of the cover sheet would not be equally effective
and, consequently, that the elementary beam theory which
assumed uniform normal stress distributlion across the
cover sheet waes no longer sufficiently accurate.

‘The cover sheets being flat and without load normal
to their Plane and the shset thickness +t small gompared
with the helght h of the beam, it follows that the prob-
lem of the determination of the stresses in the sheet can
be classified as a problem of plane stress.

TEE FUNDAMENTALS OF THE THEORY OF PLAN® STRBSS

It is well known that the theory of plane strees leads
to a8 set of differentlal equations involving three stress
components sgnd two dlsplacement components and that thess
equations are made complete by the addition of a set of
boundary conditions which express the manner in which the
loads are Introduced into the sheet,

In the following discussion it 1s essential that the
sheet be consldered an anisotropic material, that is, a
material possessing elastic properties different in 1lte
transverse and longitudinal directions. One of the pur-
poses of this section is, in fact, to point out that the
various existing theories distinguish themselves only by
making different assumptions concerning the anisotropy
of the sheet material.
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The fundemental ‘plene-stress equations are?l

a) The equaetions of equilibrium for tbe three stress —

components’ —
8ox - 3t .- . . 7
— 4+ ==0 ' (1a)
ax oy )
Cugs S T aw
ox oy .

b) The stress-strain relations involving the stress
components ‘and the displacement components u
and v, which are, for an anisotropilc material
of the kind here consldered, D

By % = 0y - VxOy (2a)
v
Ey a‘? = C'y - '\JFO'x . . . (zb) _
3 3 ' S
& (-5—;--+ g,{-) =T ' (2¢)

In these equations, Eyx denotes the modulus of
elasticlity in spanwlse and By in transverse direction

if a system of coordinates x,y be introduced where the
x-direction is the spanwise and the y-direction the trans-
verse. The symbol & denotes the shear modulus. (As
long as the sheet 18 not wrinkled, G 1s e conatant of
the material, TFor sheets wrinkléd under the influence of
stress, 1t 1ls customary 4o denote G &as the rsdueed shear
modulus, the amount of reduction depending on the extent
to which wrinkles &re developed. o consideration 1is,
however, gilven to this aspect of the problem in the pres-
ent investigatlon.) The constants Vy . and vy arse two

Polsson's ratlos. For the existence of a strain-energy
functlion, 1t i1s necessary that the followlng relation
exist between the elastic constants:

vy ¥z = vx %y s
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Loncerning the boundary conditions, 1t 1s necessary
only to state at thie place that they express the condi-
tions of support as well as the condition that the strains
in the slde benms and stiffeners. must coincide with those
of the sheet along all Junctlons and that sach element of
these members must be 1n equilibrium under the influence
of the external forces and of the edge shear of the sheet
acting on the element.

A DISCUBSION OF THR EXISTING SOLUTIOKNS

The basic equations (1) and (2) being available, it
is possible to atate the differences between the exlsting
solutlions of the shear-lag problem as follows:

(a) Von X4rmén (reference 5):

B
Iy = Ey = B, Vy = 'Dy = vV, G = 51 + 'D)
(v) Younger (reference 7):
Ex = H, Ey = o, Dy = u'y = 0

(¢) ZXuhn (reference 8):

(d) Relssner (reference 9):
Ex = X, Ey = 0, Dy = v, 'Dy = 0, = B

. 2(1 + v)

(e) ZXEbner and E8ller (reference 10):

Ey = 0, Fy = 0, vy = Dy = 0

The foregoing conditions indicate that Von Kdrmén:
considered an isotroplc- sheet, Younger a sheet elastic
in the spanwise direction bdbut rigid in the transverss,
Kuhn & sheet having no spanwise elasticity dbut rigid
trans¥ersely. Relssner's solution presupposes a material
elastic iIn the spanwise direction and not resistant trans-
versely, while Ebner and K8ller consider a sheet material
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entirely lacking in resietance to normal stressese and ef-
fective only in shear, - .

Soiutioans (a) and (b) have s certain diaadvantage in
that the mathematical diffieculty:in satlsfying all bound-
ary condiftione mey be great, it having been surmounted at
present only for certaln types- of baundery conditions.
The solvable cases may be characteriszed by the statement
that for them the structure considered must be part of a
beam infinitsely extended 1n the .spanwise direction end

gublected to a periodic loed distribution. For a beam  of
finite span - length equal to 1, 1/2, or 1/4. period = this
requires that the following conditions are satlsfled at
the ends: Zlther shear stress and spenwise displacement
are simultaneously zero, or normal. atress and transverse
displacement are simultaneously zero. Whereas the second
condition describes the state of stress at the free end
of & beam rather well, it 1s uncertaln to what extent the
first condition of vanishing shear along & bullt-in edge
may reduce the accuracy of.the solutlion 1n the neighborhood h
of the edge when applied to actual problems.

Eubn's solution (¢} may be said to be eminently appli-
cable if the structure is such that the axilal load carry-
ing capaclty of the sheets is insignificant compared with _
the corresponding cepaclty of the stringer materiali. TP, ~
however, most of the azial normal stress is carriled dy the
sheets, as would occur with corrugated cover sheetes, his
theory does not appear %o apply.

It was for this case that solution (d) wes developed.

This theory glves essentially: the results of theories (a)
and (b) without being of the same mathematical difficulty,
the simplifying assumpition involved being that the trans-
verse normal stresses which accompany the shear and span~
wise normal stress, bui are not. in  themselves of primary
interest, are not carried by the sheet itself but by trans-

Terse stiffeners. The specific advantage of this theory
is that it is possible to satisfy any boundary condition
wkich may occur along itransverse sections.. It is thought
that this theory.is apnlicable to flat. shests as well as
corrugated, when the corrugated sheets are considered as
nohieotropic flat sheetes. Owilng to the neglected trans-
verse resistence of the material, it is to be expected
that the results &re closer to reality for corrugated tkan
for flet shsesets, vhich 1s one of the réasons for testing a
beam wlth corrugated cover.

ih
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The theory of Ebner and K8ller (reference 10) goes
further., It neglects the resistance of the sheet to both
transverse and spanwise normal streeses and takes into
consideration only the normal-stress-carrying capacity
of the stiffener and the shear-stress-carrylng capaclity
of the sheet. Therefore, the remarks made about—Kuhn's
theory also apply here. One observation whlch should be
added, however, ls that the Ebner-E8ller theory is essen-
tially e framework theory and the methods developed for
the treatment of statlcally indeterminate frameworks can
therefore be applied to permit the analysis of rather
complicated structures.

THE GENERAL SOLUTION FOR THE SHEBT
VITHOUT TRANSVERSZ STIFFNESS
In this mectlon the general solution, as previously
derived in reference 9, of the equations (1) and (2) is
given for the case (d):
Ex=E' Ey=o

It.1s written in the form

oy = 0 (3a)

T =-£(y) (3)

ox = -x£'(y) + g(y) (3e)
Eus=-2x%21(y) + ze(y) + n(y) (4a)

E v = _Jsh x%gn(y) - % x2g'(y) -~ xnt(y) + (%)xf(y)ﬂc(y)(‘tb)

where £, g, h, and k are four arbitrary functlons.
The solution is to be obtained by direct integration of
equations (1) and (2); the arbitrary funotions in the
solution are determined from conditions slong transverse
sections of the beam, and the remaining arbiltrary con-
stante are determined from conditions along the Junction
between slde webs and sheets, or stringers and sheets.
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0 - SHHAR LAG IN A SYMMETRICAL BEAM UNDER
SYMMBTRICAL LOADING CONDITIONS |

THE BEAM WITH AXIALLY RIGID TRANSVERSE END STIFFENER

In this section the stress distribution in the cover
sheet of the beam that was investigated experimentally 1ils
determined theoretically. A beam is considered carrying
e cover sheet on only one side. ‘Furthermore, no spanwise
stringer 1s attached. (See fig. 2.) For the. behavior of
the transverse end stiffener the following assumptions axe
mede?

1. The deformation of the stiffener in the direction
of 1ts own axis 1s neglsctesd. This assumption
s later shown to be permissidble.

2. The resistance to bending in the plane of the
sheet is neglected in comparison with the cor-
responding resistance of the sheet. This as-
sumptipn followa from the fact that

Istiffaner << 1°t, as has been noted previously

in referencs 8,

Under these eassumptions the follbwiﬁg boundary condi-
tlons hold: _ :

At the bullt-in end,

x'= 0, £'='0, v =0 - (5a,b)

At the free end,
x=1, Og=0, v=0 (6a,b)
These conditions are those assumed in reference 8. In ad-

dition, one dondition not previously mentioned is needed
to determine the solution nume~ically. In order to formu-
late this condition, 1%t 1s firset necessary to dstermilne
what may be called the "effective width!. of. the sheet,
that is, that width of the sheet which under the assump-
tion of uniform stress distributlon would add the same
strength to the beam aas the-actual sheet under the actual
(not yet determined) stress distribution._ This width may
be written
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W
Weps (°i)edge = [ Oz 4y (7)

If the section modulus W of the beam 1s determined
with this w_ pp, then the remaining condition 1s

(02) pip6 = ¥ (8)

In order to determine : W, i1t 1s -first necessary to
find the nsutral axis of the beam, and then the moment of
inertia. The following calculation gives these quantities
in & convenient form. FYor the distance e of the neutral
axis from the top one has (fig. 3)

. H B(Ao + wefft) = °vo (9)
The moment of inertie 1sg '
1.? Io + (e, - e)%A, + 62w ppt
= Ig + eo®ho + ezAa_- 2¢epdg + eawefit
= Io + BoaAo + BQ(AP + Wefft) Ll 2330A°
and with (9)
I = 1o + eoaAo + segho = 2860do
= IO +- eoaAo L eevo
= Io + eeo(Ao + Wefft) Ld evo
I = I, + eegwarset (10)
With (9) and (10) one has

I I
= o el N
1, I
= %, T Yers? (°° * e K ) (24)
oo
Introducing (11) into (8) gives
T -y . I
AR P « } (¢] =
(Gz)edgeLeo + wafft (BO + evo )] M

and with wgee from (7)
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[4
Is I W .
- — . [o] . : = s .
eo(O'x)ed.ge + ¢t (B-o._ + m)!d' Gxdy M
(6g) .- : E.Q_Q_IA]_ Lo [Yod Say (12)
g . h = '
X/ edge + Io ( + eoaAo > o Oxd¥ IO

. e

Equation (12) will serve to make the solution complete;

Introducing the boundary.conditions (3) and (6) into

the general solution, equations (3) and (4), gives —

hi(y) = 0, k(y) =0 - D (13)
_ —tf'(y) + &ly) = o o (14)
1"‘f"(y) - —1 .g'(y) +< ) 12 (v) (15)

Inserting (14) into (158) gives N T
_%13 £1(y) 4 <E>1 £(y) = O - (16)

This second—order linear differential equation has the
. solution .

f(Y) = °1 sinh Ky + ca cosh Ky §¥Z)__

where Coy .and cg - &re constants of integration and

SEE TG

The stresses are, according to equations (3) and (14)
'T=.f<y> e a9
R N T (20)

Since the normal stress‘ o, mist be even in ¥, LS
follows that _ ' ..

n; -0 . o e a(21)

The remaining constant ¢, 1s to be determined from the
last edge condition (12). Introducing (20) into (12) gives

e - v et
. e -— - N
RURE B TR
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(1 - x)[f!(w) + .i%:’—i"<’1+ ;;—IEQL:) (£({w) = f(O))] =

=Mﬂ>.=1=(1-x)—;-9 (22)
o ° L

Inserting the value of f£(y) from (17) into (22) gives

)s_inh N.wJ =P (23)

2
) te
Cy [E cpshlﬁw + hT%— (1 +-eoaAo

from which one obtains finally for o4

€9
v - x)T: cosh Ky
Ox = wteo? 1 tanh kw COsSh KW (24)
. 1+ 0 (# o ) tanh kw

I eoR4, Kw

It 18 thie expresslon for oy which 1s to be checked
agalinst the experimental data obtained on the symmetrical
beam in part II of this report.

THE BEAM WITH ELASTIC END STIFFENAR

In this sectlon the extent to which ‘the axial defor-
matlion of the end stiffener influences the stress distri-
bution in the sheet is investigated. The result will be
that thils influence will be so small that the simpler solu-
tlion of the preceding paragraph is. sufficlently accurate
under ordinary conditions.

The boundary condltion which now must be satisfied -
instead of condition (6b), that the transverse end dis-
placement v(1) vanishes - will express the fact that
axial deformatlon of the stiffener under the influence of
the shear acting between sheet and stiffener must egual
the corresponding deformation of the sheet.

If the transverse-stiffener ntress is denoted by .¢s.
then, in order that each stiffener element be in equilib=
rium under the influence of the forces acting on it, one
has - .. ' . .

a% (Ag05) = t'r(t.)‘ -0 N (25)‘
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. The.:gtress Og prpduces an' axlagl streain. of amount .

» - s

£g = .Q-I >E.= s R (z6)

oy k) e
For reasons of continuity, vg(r) must equal the trans-
verse displacement v(1,7) of the sheet. Thus, combin-
ing (25) ana (26), there follows a condition. containing

only sheet stresses and strains

o av(1 =0 - .
Flmoaga] - wam -0 e

Since no forces are lntroduced at the free ends of the
stiffener, 1%t follows that

o (w) = B 3V“-?) ) - (z8)

All boundary coniitions are now represented by (5a, b),
(Ga), (27), (28), and (12).  As before, it follows from
(5a,b) and (6a) thdt in the general solution (3) and (4)

B(y) = 0, k(y) =0 (13)
g(y) = 1e¥(y) - . (14)
¥ith that, o S
, , T = £(y) (3b)
and from (4b), e
S:Z = -:-x"’f”'(r) ~ %—xas'“-(:r) + %xf__'.'_(y) -(29_)______

vhich, with g{y) fram (14).

BBV) _ L hzoIv] Eypn
= NIRE RRRCI REUIC R
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Introducing this relation into the boundary condition (27)
gives the differential equation for f(y)

Iv
- 32t y) + grey) - f-2(n) = 0 (32)
oxr
1y 3B 1 3t
f -l Pt f = 0O 3la
2 L (31a)

Since this 18 & linsar equatlion containing only derivatives
of even order, one may assume for the solution

£ = sinh Ay (32)

which, introduced into (31a), converts this expreseion
into

A4 BB .8 4, 3% .9 (33)
1%¢ 154,

ol SEDE]

\
8 _ 1 3B i J/"_ 4G2\ 1t
M v e 2 |t t 333) Ag - :
> (35)
= _ 1 381 463\ 146
>‘3=1302 / ) ]
o/

It is remarkable that values of A, =and Az are real
only so long as
LA ( ) (36)
A

that ls, as long as for the given sheet dimensions the
stiffener aresa Ay 1is not too small, Although there is
no great aifficulty in handling the cases of complex A,
they are not considered here since the calculations 1in-
volved would be rather lengthy.
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For real A; and Ay .one has as the solutlon of

equation (3la) G S
£ = ¢y sinh ALy + cg sinh Agy (37)

The two constants

! and cp follow from the remaining
‘conditions (28) and %12 ' :

From (28), together with (30),

e - B w0 (e

which gives

01[513 Q'EEL A%]posh AW + ca[kga3-fie A%]coshkaw =0 (39)

This can be simplified, observing that from (35) follows

. 2 3B 2 2 28 _ 3
ST TR A - %6 =h1 ) (40)
so that
clklhga"cosh Aqw + caﬁakla cosh AgWw = O ¢41)

With this, (37) becomes .

f(y) = eq [sfnh Ay - L} EEEE_Aiﬁ sinh kayJ
: Rl cosh kzw

end wlth some ofher constant, ¢

T=f(y) = cl:?\l(coshhaw)sinhkly-J\a(cosh 7\1w)sinh-)\3yJ (42)
The normal stress Oy Dbecomes
(1 - x)£'(y)

e(r - x) [kla(coahka w)cosh Ay - Aa>(cosh Aiw)coshAgy]

Ox

(42a)

and the effective width, defined by equation (7)

LMoy (- () T
weff"&'o'(ﬁ)' (I_xx)f,("w) - .
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v Ay cosh Agw sinh Ayw ~ A cosh AW ainh Agw .
£ff-= - . T
° (A2 = A3g®) cosh Ngw cosh Auw
1l
Wopp = —3 [Ay tanh Asw = Ag tanh Ag w] (43)
- A
1 2

In figure 4(a) are plotted values of Wwgyep/W versus w/i
for different values of the quaentity 1t/A3. These curves,

vhich are taken from reference 1, show that 1n the prac-
tical range, when 0 < w/1 < 0.6, W pp/w 18 very little

influenced by a change or the original assumption 1t/4g=0.
It has. therefore been considered unnecessary to carry the
calculation further toward numerical values for the actual
disetribution of stress across the panel which was calculat~
ed for the case 1t/4g = O,

In reference l.calculations have also been made taking
into consideration the moment of inertis I of the trans-
verse stiffener in the planse of the sheet, which, for equa- .
tion (43), was oesumed equal to zero. Curves corresponding
to figure 4(a) have been plotted in figure 4(b) for the
limiting case of infinite stiffuness I = o, They also show .
that, in the practical range, the value of 1t/4g may be
conslidered equal to szero. It may be remarked that the es-
gunption I = o ig exactly the one t¢ be made 1f one wants
to determine the stressss in a beem built in on two ends
and loaded 1in the middle. For reasons of gsymmetry the span-
wieg displacement 1w 18 zero along the middle sectlon and
one may therefore consider the part of the beam. to one side
of the middle section as a cantilever with a transverse end .
stiffener rigid in dvending. : . ' -

D -~ STRESS DISTRIZUTION IN THZ UNSYHMMETRICAL BEAM
WITH UNSYMMETRIOAL LOAD APPLICATION

FORMULATION OF TEE PRO3LEM

A structure consisting of two side. beams oi-unsequal
dimensions, and a cover sheet which 1s attached to both side -
beamg, 1s to Dbe inveetizated in this section. The struc-
ture is loaded At the free end b¥ two concentrated forces
of different majnitudes, each applied to one of the side _ -
beame. (See fi3z. 5.)
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There appears to be no previous treatment of this
particular structural problem in the literature, whether
the shear lag in the cover sheet be conslidered or disre-
garded. In order to cover the practical _range of..struc- _
tures of this sort a genersl solution is developed and
its epplication to certaln specific arrangements is 1ln- o
vestlgated. -

One of the limlting cases for the solutlon, that for
wvhich the sheet wldth 1s small compared with the span
length so that shear lag is negligible, 1s.derived from
the more general solution and tHe result ‘stated separately.

For the analyeis of the structure the  followlng as-
sunptions are made: )

1, The distribution of normal stress across the sec-
tions of the eide beams is llinear.

2. The stress distribution in the cover sheet 1is
governed by the laws of plane stress.

DEFINITION OF SYMBOLS

1 spen of bsanm
2w width of beam ' ' =
I., Iz moments of 1nertia of side beams
Ay, Ay cross- sectional areas 'of side beems

ey, ©3 distances of neutral axes of side beams from
cover,

hy, hy heights of side beams T

Gl.lag normal stresees in éide'beamel

Tee T2 shear stresses 'in side beams - =
Oxs T stresses 1n cover sheet -

X, ¥, % coorﬁipateg:'—'x;y "ia plane of shéet, -
; T ' z normal to plane of sheet

b;, by thicknesses of side beams
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P,, P35 loads on slde beams

Y 1 -
l +
e2A

coth u + tanh P
W

coth p ~ tanh W
B ]

- ¥ ﬁza
p haad 1' J G’ -= KW

BOUNDARY AND OTHER CONDITIONS FOR THE® STRESSES'

As boundary conditions one has to satisfy the condi-
tion of zero shear at the bottom of the side beams:

Ty (hy) = 0 (44ea)
Ta(ha) =0 (44v)

the condition that the pormal stresses in sheet and side
beams are continuous:

ox(~w) = 0,(0) (45a)
ox{+w) = 03(0) (451b)

the conditlon that the edge shear in the sheet 1s in
equilibrium with the shear at the top of the side beams

t T (-w)

-b,(0) T, (0) (46a)

t 1 (+w) b2 (0) Tg(0) (461)
As further boundary conditions one has the conditions

(8) end (6) at the fixed and at the free end of the sheet,
which, as before, glve for the sheet stresses
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T =c, sinh Ky + c3 coshky (19)
ox = (1 = x) g[cy coshky + ¢3 sinh ky] (=20)

In'order to complete the statement of the problem, the
following equilibrium condltions are added:

The relatlon between slde~beam shear and normal
stress,

ab(za)a.:i(z-) . Bb(z; xcf(z) -0 o (a7)

which may be integrated - conuidering (44) - to

by (z)T1(2) = - % j; by(z)o.(2) dz (48a)
. 1 , )
ba(z)Ta(3) = - Ea; J;l:'ba(z)ca(z) dsz (48Dp)

The conditlon, that the resultant aida-beam'ahear_on each
side equals the applied load, ' “' e

fholTl(z) by(adaz = 2y (49a)
o : e

fh To(z) balz)dz = Py (491)
3 L S :

On account of the assumed linear normal-stress dis-
tribution iIn the side beams, ‘theres may be written

oy = 0,(0) + 20,1(0) (50a)
‘05 = 0a(0) + ‘gog!(0) (501)

Introducing these expresslons into eguations (48) for the
shear, 1t follows that

z
T,(2)b,(2) --é%%ﬁgl lebl(z)dz - jﬁlﬁ%gll 4flzb1(z)dz (51a)

F)
Ta(2)ba(z) = - M fhz_, ba(z)az-w fhz zby(z)dz (51D)
adx a dx 2 g

and for the shear at the top of beam (z = 0)
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7,(0)b,(0) = 99_;(_@_ Ay + _af’_;'_(gl eydy (52a)
X x
T2(0)b5(0) = 305(0) Ay + 395'(0) 'eaﬂ-a (621)

ox ox

Introducing equations (51) for the shear into eguations (49)
glves two equatlons of the form

30 (S . 3gl(0) O [ .3 L
90) s* { [ s(tat}as _3:_£{£§M9ﬂ}ﬂmf

If one transforms the double integrals in (53), by inte-
gration by parts, as follows

.Qo {fhzb(t)di} dz ={zf;b(£)d§}fh°-fh° z b(z)ds (54)

the part whlch is integrated out vanlshes at both limite,
and one obtaine instead of (53)

- ai;io) o1y __Egéi?&% (e, Ay + 1) = Py (65a)
'
- ag :(:O) eghy ~ ao-alx(rO) (933-A-a + Iz) = Pg (55D)

The boundary conditions in theilr final form are now:s

1. TProm (46) and (52),

3 ]
ac'ag:(tc) ¥ eg ao'_____g;_(o) - It_; T (w) (561)

2. From (45) and (50),

7.(0) = &_(-w) (45a)
02(0) = o (w) ~ (451)

3. E®Bquations (55).
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When the sheet stressss T(¥), T(-v) ., are expressed in L
terms of oOx(w) and ox(-w) (or vice versa), one has in
equations (55), (56)., and-(45) six .equations for six un-

knowns, which can be solwved.

I 2

3LAPION BETWEEN EDGE SEEAR-AND EDGE NORMAL STRESS

IN THE SHEET

The.sheet Btresses were ..

- T = c¢; sinh Ky + c3 cosh Ky (19)

og = (1 - x)k[s, coshky + cg sinhry] (20)

If 0 x(w) and o, (-w) are prescribed, ons obtaine.

(1 = x) k [cocosh Kw + cgeinh kw] = Ox(w) (57a)
{1 = x) k [e;cosh k'w = czsinh kw] = O (~w) (571)
so that
' ' ox(w) + ox(-w)
¢y = 2(1 - x) K coshkw .(58a.)
Ogw) —op(-w)
¢s = 2(2‘: - x) szinhlﬁw (58b)
and . . . =
_ 1 Ox(w) + Ox(-w) sinhky ox(w) - ox(-w) coshky
T= { 2(1 - x) . coshkw * 2(1 - x) _sin hxw} (59)
¥riting now . R
o= (1 -x)sg, o3 =1(1~x)s;, Oz=(1-x)eg (60)
glves el - ST o °. : T

T(w) = %{%[ax(.w')fs;(.-w).:_l ‘_ta.n_h .K.w_+% [sx(w)-s‘x(—w)] _90_@_11__5}#}( 6la)

T(-w) =%;{——;-[sx(w)+sx(-w)] $anh lcw+--%- [sx(w)-sx.(-v.v.ﬁ__qitél.cw}(slb)

and the boundary conditions (55), (56), and (45) bdecome
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81(0) exhy + 8:1(0)(e:%4; + I,) = P,

53(0) eaA; + Ba'(O)(eaaAa + Ia) = PB

81(0) + eys,;'(0)

L b { ex(w) + sx(-w) tanh kw
Ay U 2 Kw

sx(w) = sx(-w) coth kw }

’ 2 KW

98(0) + BaBa'(O) R % {Bx(W) '; HX("‘W) taz:::' KW
+ EE(W) - Sx('w) coth Kkw }

2 KW

8,(0) = sg(-w)
BB(O) = ﬂx(W)

Introducing (64) into (63) and writing for brevity

tw
ikl
coth Kw + tanh RKw coth Kw - tanh Kw _
= &, ""ﬁ
KW KW

one obtalns _
51<0) [1 + %7\1“] ™ 83(0)[%‘7\15] + Bl'(O) 81 = 0
. . vt H.. ] ’
82(0) [1 + %Aga] - sl(o){_%kap].+ 81(0) eg = O
Eliminating s4'(0) and 85'(0) by means of (B2):

P - 8(0) [- XY

st{0) = —_
%A + I e A + I

one has, with the further abbreviation,

(62a)
(62b)

(63a)

(631b)

(64a)
(641b)

(65)

(686)

(67a)

(671)

(62)

(68)
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if;ey
-] R

s, (0) [1 + %hlm - Yi]hlék;ﬂsz(p)

Paea

83(0) [l 'l"%'?\g_ﬂa-.Ya]- %"}\3551(0) 3
. . - : g Aa -+ Ia
' EXPRESSIONS FOR THE STRESSES
Solving the equations (69), one may write:
.8,(0) = k33 Py + k,5 Py

53(0) = kal I’l + kaa PB_

o+

-
e i

whers 1 Il
[

By = =

7\30:. - .Ya ]
2 .

E.+§L--71[1+
2

23

(69a)

- (69b)

" (70a)

(70%b)

(fla)

(711)

For the fiber stresges at the bottom of the side beams,

one obtains, with (62) and (50)

8.(h;) = 8,(0)+h1s,1(0) = =, (0) [1 _ hjejd, ]+ h, P,

c1%A,+I, | e,2A+
g1(hy) = - 8y 0)- LE;:EglEL + Pg .___E;____
o124, + I, 12+ I
sa(hg) = - 83(0) —--—--——(ha es)es P oL

eaa-ll;'l' I 3 933A3+ IB

I,

(728)

(72b)

i
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The distribution of normal stressee across the cover sheet
then followe, from (20), (58), (60), and (64), as

- _ 83 (0) + 85(0) coshky , 83(0) - 85(0) sinhky }
ox = (1 x) { 2 coshK.w+ 2 sinhkw (72

Bouations (70) to (73) contain the complete result for the
problem considered, that of determining the stress distri-
bution for an unsymmetrical beam with unsymmetrical loading.

In the following paragraphs, certain general conclu-
slons which appear to be ussful have been drawn.

A CONDITION FOR SYMMETRY OF THE STRESS INX THE SHEET

The condition for symmetry of stress in the sheet 1lsg
8 1(0) = 53(0)
which by megns ¢f (71) may be written
Py = Py kzg - X313 (74)
Eiy = kaa

or, explicitly, :
Ao - A1 B

G2 1 <+ P T-Yl.elaAl"' Il
P1= Pa

| DU

€3 1+A§2;b§E-YBLBQBAa+;g

and with (66) ana (68)

I tanhxw
. ég I 5 Ba L+ I + ?\ITI elaA;_ +. Il]
Pl - Pa LS9 1 h e o
1 -
81 [ = 3 + Aatanhnw mieaaAa + Ia J
(-¥-1 Aa + ,Ia Kw o
r
fl = Cry +l.el * elA}] 41 Kw (75)
Py I | Ig ]tw tanhgw
— 4+ = + egh —_—
a ’-98 8243 I; Rw
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Condition (75), for symmetric. .1l stress in the cover sheet,
should be valuable for the experimental verification of
the theory. - -- wme o emm

- e e m—— = e 4

THE BEAM STEESSES FOR NO SHEAB LAG

When the ratio between width w a&and span 1 1is a
small number, then shear lag- will be negligible and the
results of the calculation will be simplified. If w/1<1,
it follows from (66) that

o % — 3+ % pgx_t _2 (662)
(kw)?® 3 (kw)® 3 .

and the sequatlons gilven previously may be used o
s, (0)

83(0) = kalPl + kgzPa ). (70b)

k,,P; + k5P (70a)

It is aomewhat difficult to obtain the limiting values of
the k's for o &and P approaching infinity because the
quantities occur ln the combination «¥, and Y = tw/ A

may approach zero (for instance if the case of two separate
beams ~ cover sheet thickmness ¢t = O - shall be included)..
Under such circumstances the cumputation proceeds as fol-

lows? e e . . . ) e

v
e

- - L e e . - -
. o . e, &, + I, .
i1 = . r

]
~
~1
[¢2]
~r

‘ Al - ¥2)a + (1/2)N(a® - B3)
1- Y, +
. _ 2(1. - Xg) + (1/2)Aza.
From (66e) follows ..
L g g
a?-g3 ""'.[ = +i:, -[——1—-3]":5 = +-4—- 1 = 4 = 4 q
- (kw)? 3 3 3 (kw)?® (gw)3

ST AR (66D}
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so that -2
T
ey Ay + I
kll = . - b S 1 . - (77)
I, + A]af (x - Ya) + 2 7\3_
er34; + I 2 (1 -%3) + arg/2

for t =0 and a finite. that 1s, with no cover sheet,
it follows that

which 1s &8s it should be.

If ¢ # 0, 1t is necessary to declde upon a2 useful
range of values for A a, whiéech is.

- . 'a .
A o .,H(l) & . ﬂ(l).‘.‘; (79)
A \Ww 3B A \w/ 33
Taking as reasonable values -l = 10 Jl-= jL A = 20x0.1
W '3E 1s5° !

t - 0.05, 1 = 200, one obtains the result,

. .‘ ‘ -
Ao = 5x10xf—'§ = 6, which ig somewhat larger than Y.

. Pherefore,

831
' %4, + I,
t * O: kll" - . - e (80)’
I, LA T Ig N atw:]
ela-A.l.'l'- Il AlLBaaAa + Ia' Aa

In this formule it 1s not correct to make +t approach
zero in order. . to obtein the result for the case of the
two separate side beams. That result is, however,
obtained if + and A; ere both assumed equal to zero.

For k;é. one obtains in the same way from (71D)

W~

g+ 1 ha '
t # 0t kyg® - Sl Ml T N — (82)
-y Aza Ao Xihza® AyAgB®
(1-7,) =25+ (1-¥5) ==+ =g~ 24
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thaa witn (be) m%v beo: Written'

e LIage - E
aa Aa + Ia 2 a. o ’ : -'-!_'. . ___-

¢ (T =-v) §If+ (1 = vg) —J“ + AjAga

€ga
SRR T .
L1 B - — — _ng)

(1% w,) + 12 (1 =¥y + 2K

Rewriting equation (82) with, according to (68),

: T . ]
1 = ¥ = ———m—— : (68a)
e®A + I ST

one has, with (70) and (60), for the normal stress in the
top fiber of the side beam which carries P

e

g, = (1 - x) { P 5
. Ay e ®Ay T, " d,%A, + I
I+ 19 2L + 2tw 21 L

'A'l eg Aa + Ia . Al

e . .
+ P3 . TS - a — l -.'. -\- PR . . (85)
& e 3A + I e BA 4 I
Ia Ii Iy aa 2 2 4 2tw 2 2 2
* -, 81 Ly + -_I1 . ) '.A'l-

A corresponding result holds for Oz. Assuming Pg, Ag, t

or P,;, A;, 5 egunal to zero yields the result for two
separate slde beams. . . . .

THE SYMMETRICALLY DEFLECTED BEAM

In & previous section a conditlon was derived insur-
ing e distribution of stress in the cover sheet symmetri-
cal about the center line (y = 0) of the sheet. It is
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apparent that for unequal side beams this condition will,
in general, produce unequal deflectlons of the side beams.
Since the condition of equal deflection of the two side
beams 18 also of some interest, 1%t shall now bde derived.

According to equation (650), the stresses in the side
beams are

Oa = 053(0) + z 0g'(0) (601b)
where 0(0) and ¢! (0) are independent of z.

The curvature, and. with thet the deflection, of the
slde beams is proportional to the part of the stresses
varying linearly with =z. Therefore, the condition for
equal deflectlon is,

c11(0) = o5'(0) (84)
or with (60)

8,! ‘5.5.8' (84a)

Equations (62) gives 8' in terms of s and P

P A
Byt = — 2 - By 39;_&, (85a)
e;_ A;_ + X5 e1"Ay + I;_
A
8a! = — Fa - Bg 3”2 (861b)
8ga Aa + Ia ' eaaﬂ.a + Ia

If P, and Pz are introduced from equations (69), there
follows

_!-_ ALa . AyB ¢ Y
alire {91_[1 + i YIJ - 8g —%—{} - 8y ;f

1l 7 r 7\3(1 7\23 N
=-;—;183L1+2_—Ya]-812}-33—a

which simplifies %o
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‘83 [ AIG] Bakaa ' Sa e 7\3@'] 517\15
- — |17+ + = = =1l —— :
e1 2 '291 . 83 i 2eg
Ao . .
1+ _é;. AgB -1 + 2%$1 A8
8, [ + :]= 8y L — ———1 (86)
;. ey. - 2eg . L. ez -261 _
From (69) follows for the relation between ' Py

o @ B Bz | ’
P, e, 8343 + I3 - (} * _J_ - ) 1 lgl (87)

P 2 i
s 3 81 Ay + I3 [ ] (? L Do Yg) _ AaB

-

where the ratlo [sz/e,] 18 given by equation (86). It

would be possible to substitute explicitly (86) 1into (87).
However, the resulting:equation would be rather unwieldy,
80 1t seems best to lesave the result In the present form,

PART II --EXPERIMENTKL.INVESTIGATION
A - SYMMETRICAL BEAM

Description of Test Speoimen

In order to éonfirm 6r disprove the stress distridu-
tions in 'the corrugated cover sheet indicated by the ex-
preselons develdped for the symmetrical box bsam in sec-
tion C of part I, a béam was constructed as shown in fig-
ures 6 and 7. The side beams were 9 feet 6 inches long
and were made from 4-inch, 2458T alumlinum-alloy H~beams
having 4-inch by l/ﬁ—inch cover plates bolted to them on
the sides opposlte the corrugated sheet. The corrugated
sheet was nominally 14 by 3/8 inch.24ST aluminum alloy
8 fest 6 inches long by 355/1¢ inches wide. A 4-inch
wildth on each side of the sheet was left flat so that 1t
could be attached to the side beams. The attachment was
made by 3/8-inch diameter steel machine bolts spaced 4
inches apart 1in two 'rows and staggered to glve an effeo-
tive pitch of 2 inches. The beam was desligned to.be
loaded so 'that ‘the corrugdted cover sheet would be, on the
tension eide of the section.

Figures 8 to 11 show the size of the various membérs
in the test beam in detail. Aluminum-alloy channels were
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used between the webs of the H-beams at each end and at
the center to prevent the beams!'! roteting under the
stresses due to bending. These channels were 2 /3 inches
deep.

In addition, transverse stiffeners were attached to
the beam flanges and to the corrugated sheet at the cen-
tor of-the span and near each end of the sheet to prevent
transverse stralning of the sheet at these sectlions, The
stiffeners at midspan were very rigid, being two 3-1lnch
structural-steel channels, Two slzee of 24ST alumlinum-
alloy angles were used for end stiffeners, one belng
heavier than would be normally employed, the other lighter,
in order to demonstrate whether or not a variation in
transverse Btiffness would materially affect the stress
dietribution across the corrugated sheet. These stiffen-
ers were attached to the orest of each corrugatlon by
1/4 inch dlameter steel machine bolts and to the flanges
of the H-beams by 3/8 inch bolts, The heavier stliffener
was a 3 by 2 by 7/16 ‘inch angle having about thres times
the cross-gectional arsa of the lighter, which was a 2 by
2 by 3/16 inch. Both were 24ST aluminum-alloy and both
were attached by the 2-inch leg; so their spanwlse stiff-
nesses were As nearly the same as they could be made wilith
standard sections of 4different area.

Methods of Applying Loads and Measuring Stralns

FPigure 7 shows the beam in the testing machlne. Four
Jacks, one under each end of sach of the H-beams, were
individually actuated by ratchets and screws to apply the
load. The transverse yoke at midspan was attached to the
lever system and counterpoise of the balance, permitting
the load to be read to b pounds.

Spirit levels.-were placed longitudinally near the
center and transversely at sach end of the beams to keep
them level and equelize the deflection of each slde when
the jacks were operated. As a further check on the sym-
metry of loadlng, 8~inch Berry strain gages were attached
to the uppsr flanges of the H-beams near midspan. These
gages are clearly shown in figure 7.

In order to obtalu data on the distribution of nor-
mal stress across the corrugated sheet at representative
polnts, three transverse sectlons were explored wlth
HEuggenberger tensometers. One, as close to the midspan
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sectlon df '‘the specimen as 1t was convenlent to work, was
91/3 inches from the center of the specimen, & second

was 11 1/ inches from the end of the beams, or as close

to the end of the ‘corrugated sheet as it was convenient

to operate the .gages. The third section was approximate-
ly midway hetween these two. Because of an observed
dissyametry of straln about the longitudinal center line
of the speclimen - presumadly an axis of symmetry - at )
this section, a fourth section at a corresponding distance
on the othdér slde of the transverse center line was also
investigeted., Eight Huggenberger ‘tensometers were mouanted
at each of these sections, their position in eech of the
four sectlons belag shown in figure 12. TFigure 13 indi-
cates the method of attaching the gages through a forked
yoke that wes, in turn, held to brass hooks by rubdber
bands. The brass hooks were attached to the corrugated
sheet by De Ehotinsky cament of medium hardness and Scotch
cellulose tape.- -

Since some trouble was experienced in obtaining good
adheslon of the brases hooks t6 the shest, especlally when
the temperature in tke laboratory exceeded 80° F, the pro-
cedure finally adopted will be described in detail The
sheet and: the hooks were thoroughly cleaned with carbon
tetrachleride after which the bress hook waes heated suffi-
ciently 1a a -Bun3en burner flame that a layer of cemént
could be melted and spread over the concave surface which
was to be In contact with the corrugated sheet. Only a
thin layer was used and the hook was put in place on the
corrugated sheét before the cement was solidified. In
order to obtain a good bond with this cement, it 1s neces-
sary that both metallic surfaces bhe hot enough %o assure
meitlng of the cement and this temperature was manifestly
"notvattainad during thils step of the procedure. . Three
strips of ‘tape, -the first about 3 inches long, the aecond
about 21/s and the ‘third about 1'/a inches long, were
laid over -the hook and stuck down, the longest one beling
stuck to the corrugated sheet and having sufficlent ad-
hesion ‘to keep the hook from moving during :subseguent
operetlions. These operations involved heating the corru-
gated sheet from the under side %to obtain a bond with the
cemént previously epplied to the hook, the spreading of a

further layer of cement over tape and hook, and bonding it

‘'to ‘the 'heated corrugated sheet. With a.-little practice,
8lrill 1n manipulating the cement wae developed and ,good
bonds were obtained. Care had, of course, to be taken
not to ‘heat the aluminum-=alloy .sheet sufficiently -at any
point to nullify'the effect of the heat treatment or to
burn the cement.
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During.the first series of runa the rubber bands &at-
taching the yokes to the hooks were heavy &and’ exerted &
greater force than was necessary to obtain good bearing
of the.knlfe edges of the Huggenoerger tenaometers agalinst
the sheet. DLighter bands were subseguently used with sat-
isfactory results and with less trouble caused by pulling
the brass hooke from the sheet.

Since but one transverse section could be investi-
geted at a time because of the limited number’ of gages
available, it was necessary to keep the stresses in the
sheet well below the yield pdint of the materiasl. In
order to insure that the yleld point would not be exceeded
the total load on the beam was kept down to .8000 pounds.
Simultaneous readings of the strein gages at each section
were taken at 1000- or 2000-pound intervals durlng the
losding and the unloading of the beam, and the loads were
applied by actuating both Jacks at elther end of the beam
in such a way as to keep the readlngs of the Berry etrain
gages attached to the flanges of the H-beams egual., It
was understood at the beginning of ths tests that the fac-
tors for the Berry gages used had recently been checked
and were all the same, 80 that equal readings of the gages
would iIndicate egqual strains in the two beams.” Subsequent
checking of the gage fecitore showed them %to differ by from
0.5 to 4. percent, sc that the actual load on the beams was
not applied symmetrically when the gages indicated equal
straeins. The errors introduced in this way were, however,
smaller than the percentage difference 1in gage factors, as
the sheet tended to transmit load from one beam to the
other and to equalige the deflection of both sides when
they were loaded to obtain equality 1an gage readings.

Teble I gives the constants for the geges used, the
variation between the constants for calibrations before
and after the tests weére run beilng small,

Deviations betweesn Theoretical and Test Bdams

Perhaps the greatest difference between the theoret-
ical and the test beams lay in the deviation of the cor-
rugated sheet from the ldeal. It appears f£o have been
necessary, when the sheét wae formed, to carry the corru-
gations to one edge and then remove them although this
method was not regulred on both sides of the sheet. This
procedure resulted in the metal in one of the 4-inch flat
edges used to attach the cover sheet in the slde beams
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having been worked'when the sheelt was corrugated and re-
worked when it was flettened; esoc ‘the -sheet as finally de-
livered had a slight but peréistent ‘buckle which could be_
straightened out in the vicinity of the transverse stif-
feners but not between. Bécause of ‘the facts that six
months were required for the forming and delivery of this
.one sheet, that the_j;me avallable for conducting the tests
wae limited, &nd thet no guarantee could be glven that a
second shest would be better than -the first, the sheet was
ﬁsed_on both symmetrical and uAsFHfistrical beams, care be-
ing exercised in fabricating thé beams to have the.sheei
as flat as 1t could be made. It is bellevéd that any mem-
ber using e corrugeted sheet of these- dimensions would )
. have at least as great & deviatlon from the ideal; hence
the redistribution of estress as-e consequence of the warp-
ing of the panel is probadbly typlcal of what might be ex-
pected in practice. i

Although this may be so, it 1s esdmittedly an undesir-
able feature in a laboratory specimen. Tke bdbuckle, being
on the tension side, tends: to flatten out under load, to
kave an effective stiffness less than that of & perfect
sheet, and to produce fictitloue readings of the tensom-
eters since part of tkeir 4irdicated strain 1s due to ac-
tual stress and part dus to stralghtening of the element
between the legs of the gages.- The buckle was so small
in this sheet, however, that the effect on the strain-gage
refdings is belleved to be very small, probadbly negligldble,
but 1ts effect 1n reducing ‘the modulil of elasticity in
tension and shear i1s wholly ilndeterminate. The dissymmetry
of the stresses abount the center line et section B indicates
the effect to be present. Tables. II and III show the ordi-
nates from the base of H-beam to the crestes of the corru-
gations &t the sectlons studled and, with various loads.
Changes of ordinate of 0.03 inech are commqn, 0.08 inch
appsars -to be - the ‘meximum. )

A further deviation between actual and theoretical
beems results from the end.stiffener being so located
that the point of load application coincides neither with
the end of the shset nor the line of attachment of stif-
fener to cover sheet. The use .of the two. transverse stif-
feners at midspan a2lso leaves some uncertainty as to the
exact end of the "effective! panel. Whether it be taken
et midspan or at the point of attachment qf transveree

of 1: used in the expresslon for Gx, and hence has an
effect on the magnitude of. the copputed stresees.,.If 1
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be taken as the distance between lines of bolts attaching
transverse stiffeners, 1t 1s 47 inches; 1f between point .
of applicetion of load to beam and midspan, it is 521/a
inches. ZXoth valumes will be used in subseguent computa-
tions to indicate the effect of varying the assumed panel
length. v

Perhaps -the greatest deviation between actual and
theoretical beams llies in the effectiveness of the bolts
atteching the caorrugated shest and cover plates to the
H-beams. No preliminary tests were made to determine the
effective EI of the H-beams before the holes were drilled,
after the holes were drilled, or after the holes were
drilled in both chords ard the l/4-inch cover plates were
attached to one. Tests on other struciures have demon~
strated that 1l00-percent efficiencies cannot be counted
upon in bolted or riveited connections; hence stresses in
cover plates and corrugated sheet will not be as great as
though they were made ixntegral with the H-beams. . It will
be shown 1n the Bection on the uneymmetrical beam thaet
this effect 18 considerable, the increase in moment of
inertia as a conseguence of ‘adding the 1/4-inch cover
prlates to the H-beams having been found tov be about 70
percent of the value computed on the basis of an integral
sectlion of the same dimensilons. ' If the same effectlveness
of the bolted connectlorn between .H-beams and cover sheet
were obtained, the discrepancy between experimentally
determined stresses near the edges of the cover sheet and
the computed stresses would, to a great extent, be ex-
rlained. . o -

Precision of Results

In the determination of the strains at any section,
the Huggenberger tensémeters were read to two figures and
plots of gage reading ageinst load were mede. Straight
lines were faired through the plotted points and, since
they dild not pass through the origin in every case, paral~
lels which did so were drawn. The' gage reading corre-
spondling to & glven load on the beam was then read from
these lines and recorded to three figures. Since they
represent falired average curvers, any glven strain is prob- .
ably good to the second figure, but the third is doubiful.
There are at least two, and in most cases four or five,
sets of strain-gage data for each section, each set having N
been obtalned during a separate load application. Where
four or more sets of data are avallable, the average strain
1s believed dependabls to two decimal places, with the
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taird doubtful. -At: 'most sections the maximum deviation

of any reeding from the mean -is about 2 percent, though

i1t is considersbly greater at some of tne lightly stressed
sections. T LT

Because 1t required 6 months to procure the corru-
gated cover sheet from the manufacturer, 1t has bsen neces-
sary to retaln the sheet in an undemaged form for use on '
the unsymmetrical beam 'and i1t has not been poesidle to
obtain Young's modulus for the sheet. In the computation
of the stresses from the strain-gage 'date the sﬁaﬂaard o
value of 10,300,000 pounds per square inch has bheen uaea.
This value is probably within 2 percent of the actual For
the sheet.

Owirg to a difference 1n callbration factors for the
gages, some of the stress date are based-on the values ob-
talned prilor to completion of the tests and some on the
later values. In most caeses no error is involved, but in
some gages there was a’ difference of 2.3 percent 1in the
factors. If all of these errors were cumnlative, an error
of about 6 percent woulé occur in the computed stress, but,
since some will be positive whlle others are negatlve, the
probable error to be expected in the stresses obtained
from the strain data 1a about 3.5 percent.

It 18 more 4ifficult. to estimate the prodbadble dis-
crepancy ln the stresses computed from.the theory. The
gage points were located within £0.05 inch of the cross
section, and the point of application of the load was known
withln about 0.1l. tnch; so the arms 6f the loadse were known
within, 0.15 inch and 11.5 inches, at the outer section, or
0.15 inch in about 43 inchee at the lnner.s The error due
to uncertalnty in moment a2rm would thus be from 0.35 to
1.3 percent, depsnding on the section ‘urnder consideratlon.
The load itself could be measured to the nearsst 5 pounds,
involving an error of 0.06 percent iIn the 8000-pound load
used as a besis of the analysis. So it may be stated that’
the moment et any sectlion is known within about 1.4 per-
cent. :

Because of varilations in asctual dimensions from the
nominal vaiues for the spctions and because of the fact
that the beem was fabriceted with bolted connections, it
1s practicelly impossible to establish percentage varia-
tlons in effective I at differesnt sections or to compute
the exact location of the neutral axis of the beam at
various points elong the span, Since these effects can-
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not be exectly evaluated by computation, no effort has
been made to do so,' and the computed stress data used in
comparing theory and empirical results are, for the sym-
metrical beam, baeed upon theoretical Iy and ey val-
ues, the only varylng dimension or unit considered belng
the length of panel.

Computation of Stresses
From equation (24) of-part I, the stress parallel to

the x-axis et any polnt ¥ inches from the,center of the
corrugeted sheet 1s

Pep{1 - x)
o = . 1o = cosh K
x i i
: . I e cosh Kw
1 + wtep (1 + : ) anh Kw
IO eo Ao Kw

.E. load applied to beam at each loading point
For 8000-pound total load, P = 2000 pounds

- 1 panel length between stliffeners
Two values will be used, namely, t = 47 and
52.5 inches

. x dlestance from mﬁdspan of beam and section under
consideration

(1-x) distance between load point and section undexr
conslderation, equals 43,0 inches for sectlon A,
27.5 inches for sections B and E 11,5 inches
for section C

e, .dlstance from centroid of H-beam and covsr plate
to centroid of flat portion of-corrugated sheet
2.355 inches

I, moment of inertia of H-besam and cover plate =
15.51 inches

w one-~half developed width of corrugated sheet
betwesn edges of H-beam flanges = 16.53 inches

wp one-half projected width of corrugated sheet =
13.55 inches

t +thickneses of corrugated sheet = 0.0508 inch
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aree of H-beam and cover plates = 5.203 inch®

E modulus of elasticity of corrugated sheet, taken

as 10,300,000 pounds per square linch

G- modulus of :rigldity of corrugated sheet, teken
as 3,800,000 pounds per square inch

i_ /3E
1 G

Figure 14 shows the pertinent -dimensions for the beam
and cover plates for whilch the properties are computed be-
low.

K =

Letermination of Neutral Axis

4.00 X 0.0508 = 0.2032 X 0.0254-= 0.0052
E-bean = 4.0000 X 2.0508 = 8.2032
4.00 x 0.25 "= 1.0000 X 4.1758 = 4.1758
A, = 5.2032 Ageo'=12.3842 ]
epg! = 12.3842 _ 5 3801 inches from extreme fiber to neu-
T 5.2032 tral exis
e, = 2.3801 - 0.0254 = 2.3547 inches from centroid of
flat part of corrugated, sheet to neu-
tral axlils
Determination of I,
0.2082 X 2.35473 = '1.12666
4.0000 X 0.32932 = 0.43375 ¢
1.0000 x 1.79572 = 3.22454
AdR = 4.,78495 .
Ic.g. of 1/4=inch plate = O. 00521_"
I..g. of H-beam = 10.72 -
- I, = 15.5102 1nch
—
1 /28 1 J/sxlmﬂxlo
K = — —_— = 0.06068
1V e T 170 3.8 % 10 = -
1 /3x10.3x10 _
°T 55 5.8% 10 = 0.05432
kw = D.0B06BX 16.53 = 1.0030; or .0.05432 X 16.53 = 0.89791
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Obhserved Stressas

Tables V to VII summarize the straln data obtained.
The complete strain data presented in graphical and tabu-
lar form may be obtained on loan from the NACA, The val-
ues tabulated here represent the stralns at each gage
station 1n each sectlion for each test run on the specimen
with the heavy end stiffener, and with the light, averaged
a:d converted to stresses on the assumption that the modu-
lus of elasticity of the corrugated sheet was 10,300,000
pounds per square inch. Inasmuch as the Huggeaberger
tensometers were moved from station to station between
runs, the llikelihood of instrumentel errors being serious
at any glven point 1s reduced. _In most cases the readings
are consistent and satlisfactory 'from the standpoint of
Precision of measurements, though they yield streins, and
therefore stress distributions,.which are somewhat erratic
when viewed 1n the light of the theorstical curves shown
in figure 15. Points for. both the heavy and the light
end-stiffener specimens have been plotted in that figure
for comparison wlth the thesoreticsl distribution.

It is obvious from the observed stress data that
there 1s no consistent difference between the—values for
the specimen with the light end sitiffener and that with
the heavy. OSuch differences as occur are small in compari-
son with the. magnitudes of the stresses involved and ihe
results appear to confirm the conclusion, established in
the development of the theory, that for specimens of normal
dimensions the rigildity of the transverse stiffeners had
l1lttle effect on the distribution of‘longitudinal stresses
in the cover sheet.

Substitution of the foregolng values for the terms
in the expression for O_., with values of y +taken at
4, 8, 12, and 16.53 inches, gives the values recorded in
table IV for the computed stresses at these points in sec-
tions A, B, and U for beams having elther llght or heavy
end stiffeners.

It 1s obvious that the stresses obgserved at the sec-
tions surveyed are all lese than the computed values ex~
cept in the vicinity of the H-beams et section C. Obeerved
stress curves have been faired through the points in figure
15 and a computation of the ratio of the stress at y-
distances 0, 4, 8, 12, and 16.68 inches from the center of
the sheet to the stress at the center of the sheet is made
in table VIII for sections 4, B, and E. It is interesting
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to note that these ratios are in close agreemeant wilih the
values of cosh Ky for the gorresponding points used in
the computaetion of the theoretical .stresses; hence it ap-
pears that the theoretical expression is a close approxi-
natlon to the shapa of the- normal stress curve at the
more--highly stressed sections .of .the cover sheet. The
agresnent ls not good at section ©C. ' .
The fact that the observed stresses are colbiestently
below the computed at sectiong A and B appears to in-
dicete that lneffectlve connections between cover sheet
and H-beams result in lower normal stresses at the edge
of the cover sheet; hence lower .stressss all the way
across the sheet, than would be expected from the.theory.
The observed eige stresses at both sections A and h:
are. between 78 and 80 percent of the computed values while
at- the center of the sheet the ratiocs are.8l.5 perceant at
section A, 87.5 percsnt at B . on the basls of the
curves computed for 1 = 47.0 1inches. -

It is known thet connections seldom permit the devel-
opient of the full theoretical stresses in bullt-up struc-

tures whose parts are Joined by bolts or rivets. The fect
that the observed siresses at the edge of the sheet at
section C are g-eater than the computed involves no in-
consistency in thls regard since section C 1s so close
to the free edge of the cover sheet that 1t is doubtful
whether ‘the cover sheet contributes its expected vart to
the strength of ths section.” The normal stresses observed

near the center at secuion C are so far below the theo-
retical that the cover sheet appears to be shirking ‘its
part in carrving the load at thet "section; the H-beam would
therefore carry appreciably higher stresses than would be
necessary were the sheet fully ‘effective. -

) - Gonsideration of ‘the fact that all stresses in figure
15 are plotted from the ssme bease line shows that the "lagh
at section C - is appreciably greater than at - & or B:
dere the central portion of the sheet at section C more
effective, the probability 1is that the observed stress
curve would be flatter dnd that the observed stresses at
gages 1 and_a would drop beloy the values computed from _
the theory. This statemeat cannot be proved on the basis
of the data in hand, but it does appear possible to state
without fear of contraaiction that the normal stresses de-
veloped in & wlde, thin sheet near its free edge are, for
a beam of this type, conslderably less than any p:qbent
theorr would indicate end that, because of this fact, the
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stresses in the side beams or shear webs would be increased
beyond their expected values. This result leads a designer
to the conclusion that normal stresses in the flanges of
side beams may be appreciably greater than indicated by
theory in regions of—discontinulties in the cover sheets.
It is regretted that étrain gages were not mounted on the
flanges of the slde beams of-this symmetrical specimen to
indicate whether the stresses in beam flenge and adjacent
area of caver sheet were ldentical. Had this information
been obtained, a more conclusive statement could have been
made as to the efficiency of tke bolted connection and as
to the magnitude of the overstressing of the HE-beams, if
any, resulting from the understressing of the cover sheet,
Although it is difficult to obtaln data of this sort, be-
cause of the difficulty arising in the attacament of the
strain gege to the beam flange, efforts should be made to
procure the necessary strain data whenever itests are made.
on beams involving elements sueceptible to shear-lag ef-
fects,

B -~ THEE Ui#STMMETRICAL BILAM

Description of Test Specimen

The test beam for the unsymmeitrical cese wae as nearly
analogous to that for the symmetrical as possible. 4An 8-
inch, 6.53-pound I-beam was eubstituted for one of the 4-
inch, 4.85~pound H-sectlone. The beam was built so that
the piane of the tension chords of the side beams and of
the corrugated sheet would be horizontal in the testing
machine. This construction resulted in the mild-depth
polnte of the side beesms belng et different elevations and
the neutral axis of the sectlion not being horizontal. Be-
ceuse both side beams were made to deflect the same amount
under load, the stresses developed in the sheet at the two
8lde beams were unegual; s¢ an unsymmetricdal shear-lag pat-
tern was developed in the corrugeted cover.sheet. Of the
possible alternatives for the unsymmetrical structure 1t
vas declided that thie errangement would best serve as &
teat of the theory and thet 1%t would also involve the least
llkxelihood of errorse in the empirical data, since 1t per-
mitted a less compllicated loading system tkhan some of the
other arrangements. .

Figure 16 shows the system of applying the loads to
the unsymmetricsl beam, and 1t also shows clearly the
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arrangement of side beams and corrugated cover sheet.
Because of tke difference 'in depth of the side beams the
transverse end channels dild not run between web centers
of the beams, as was the case with the symmetrical beam.
The transverse.angle -8tiffeners at the ends of the corru-
gated sheet were attached as 1in the case of the symmet»i-
cal section, however, and no differences 1n stress dls-

fbution which might have been ettributed. to a difference
in end-stlffener ‘arrangement were noted. Only the light
end stiffeners, the 2 by 2 by 3/1l6-1inch engles,; were used
on the unsymmetrical’ specimen teasted. _ .

The methods of att aching gstiffeners, . sheet, and slde
beams were the same &8 on the symmetrlicsl specimen. and
all except the 8-inch I-beam were the seme size in both
cases. '

The load points were located at the ends of the cor-
rugated sheet, 8 feet 6 inches betwasen centers, and the
reactions were applied through a frame bearing on load
points or the beams at their midspan points. By a care-
ful location of the link attaching this frame to the
welghing device, the load was transmitted.to the structure
so that equal deflectlons of the side beams ‘were obtained
throughout the tests (table IX).

Method of Applying Load and Meaauring_Strains

Figure 16 shows the beam in the testing machine and
indicates the system of applying loads through foéur Jacks.
The lower part of the transverse yoke which provided the
reaction 1s shown in that figure, too, while part of the
upper portion avppears at the top of figuré 17. The link
between this transverse yoke end the load-welghling mecha-
nism was adjusted horizontally until the deflections of
the mZd-depth lines of the slide beam webs were the same
for any load, withian the accuracy obtainable by having a
fine wire paes over & steel scale calibrated to 1/100 inch.
As a further check on the equality of side-beam deflection
under load, spirit levels were used at each end of the
specircen. Because the whole structure moved vertically
under load, 1t was impossible, without erecting a scaf-
folding which would have interfered with the test itself,
to obtaln & more accurate procedure for 1nsuring equality
of deflection of the side beams. Since the. level bubbles
remained centered when the observed deflectlons' were equal,
throughout the loading of the specimsen, 1t 1s believed that
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the load was divided between the side beams in proportion
to thelr moments of inertia, as was desired.

In order to obtain data as to the distridbution of
the normal stress across the sheet, & number of flne-wire
straln gages of—the Ruge -~ de Forest type were employed at
each of three sections, with Huggenberger tensometers
added at the two more highly stressed sections to provide
checks on the wire gages. PFigures 17 and 18 show the wire
gages cemented to the sheet, The hooks for the Huggenberger
tensometers are also shown although the instruments were
not in place when the photogrephs were taken. The general
scheme for attaching the Huggenberger tensometers was the
same as in the case of the symmetrical bean except that
Duco cement was used in place of De Khotinsky. It was
equelly successful,

The fine-wire gages were an adaptation of the Ruge-
de Forest gage (reference 1ll) in which an extra-thin, high-
rag~content paper was substituted for the heavier plastic
material used ln the commercially obteinable gages. Each
gage, of which about 120 were made, wes composed of ap-
proximately 6 lnches of 0.00l-inch copper-nickel alloy
wire manufactured by the Driver-Harris Company under the
trede~mark name "advance." The wire was formed in a W
shape, cemented between two sheets of thin paper, &and
soldered to no. 28 sllk-covered, tinned magnet~wire lesds
on the toole shown in figure 19.

The tools were developed by Mr, W. T. Shuler in order
to make possible the production of gages of uniform resist-
ance and practically 1dentical electrical constants when
reasonable care was exercised in their manufascture. ZEach
gaege was eXemined visually to determine whether any wires
were slack or crossed, end & measurement of its unstrained
registance served &8 a final check on 1ts accuracy and
consistency with the others in the series. About 6 gages
an hour were produced by one man with this equipment, and
those whose resistance varied by more than 1.2 ohms from
the standard for this set, 146 ohme, vwere rejected. The
completed gages, without their lead wires, were about 1/
inches long by 3/8 inch wide, eand so flexible that they
could be attached to flat or curved siructural sections
wilthout difficulty. ’

Figure 20 presents theoretical curvee of resistance
reading against strain based on the electrical constants
of the Wheatstone bridge system and data obtained from a
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very few gages of the quentity nadé.' Several actual call-
bration points mre plotted on the same chart; they were
‘obtained from 'a Ffurther series of gages plecked at random
from the ‘quantity made end attached to a cantilever beam
which, when subjected to known Yoads, deéflected and pro-
duced calculable strains. It is seen thegt the data ob-
tained from the random cholce of ‘several gagee used for
'calibratioﬂ are unlform and :1n close accord with the curve
obteined from coefficients derived from tests on a -limited
‘number of ‘gages; henceé one feels that the coefficlents for
the geges -udsed ard constant and that the curve may eafely
be employed for determining strains from resistance read-
ingas, TFigure 21 facllitates the Juse of these curves, the
strains ‘In lnches per Inch .belng plotted in nomographle
form against the readings obtalned from the decade box ueed
in the Wheatstone bridge circuit.

‘About- 120 gages were mede and found aébeﬁtable, and
96 vere attached to the test specimen. ad shown 'in figure
17. The procedure used in mounting theee gages wes to
clean the surface to which the ‘gage was to be attached by
rubbing it with & .rag seturatéd with a half-and~half
acetone-Duco solutien. This was found to clean the surface
effectively and to gilve 1t -2 priming coat. Both surface
"‘and gage were then given heavy coats of scetone-Duco solu-
tion and the gage was Pressed-firmly onto the surface of
the specimen. After a short setting interval, the entire
gage was given a coating of stralght Duco cement and Just
before the cement had completely hardened, the whole mass
‘wae pressed firmly to lasure & complete bonding to the sur-
face. A period of 24 hours was then allowed for the cement
to harden, after which the gage and i1ts cement were covered
with -meltéd "Ceroseme" wax td protect them agalnst sudden
temperature changes ‘and to retard moisture permeating the
cement or paper. The ‘gages weré abtteched 6n sunny days,
when humidity was low, in order to reduce any electrical
1eakage through-moieture in the cement.-'“f

-~ ..

‘Gages wdre ' attadhed to a piece of the 4=inch E- beam
€nd insertéd 'into fthe electrital cireuilt so that they would
compensate for -chengés 'id temperature of "the'vwhole speci—
men, and d cloth was tused ‘orér the 'end ‘of the bean to Wwhich
the ‘gages were ‘sttached in-'dfder 'to redude ‘Tocdl tempera-
ture effects.which‘vcﬁld throw errore into the etrain read-

1nsg - -~ . . - o - . . . < - T
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Precision of Results

In the determination of the straine at the sections
to which the wire gages were attached, the precision variles
from about 1/4 percent at the highly stressed points to
approximately 10 percent at t.:e lowest because the accuracy
with which any strain could bPe measured was to the nearest
helf unlt on the decade box. In the range of stresses cov-
ered, & half unit represents an actual straln of 0.00000143
inch per inch and the ranges of sirains messured mnnder an
8000-pound change in load on the specimen varles from
0.000015 inch to 0.00068 1nok per inch.

A further error was 1lntroduced by some of the gages
as they d4id not return to their initial zero readinge when
the load was .removed. The number of such gages was, how-
ever, smell and the worst offenders were at the section
carrylng very small stresses; so the pnenomenon does not
appear to be due to "creep" in the gage or its attachment.
Most of the more highly stressed gages had final zero
readings withln +1 unit on the decade box from the inital
values, whereas those at the lightly stressed sectlon
varled from 1 to 9 unlte ~ with saeveral at 2 or 3 units -
from thelr original readings. The date at the lightly
streseed section mean so little, however, that it 1s felt
that these errors may be disregarded and .that the pre-
cision of the straln-measurinz devices may be taken at
from 1/2 to 1 percent on the two highly stressed sections,
the error resulting from the limitation in reading the
decade box belng doubled to allow for possible variation
in the "constant" for any gage.

) The precision of the strains measured with the
Huggenberger tensometers is ths same as for the case of
the symmetrical beam, about 2 percent.

In the computation of the stresses, a value of E of
10,100,000 pounds per square inch has been used as an aver-
age based on the observed EI <vwvalues for the.two side
beams, It weas taken as 10,300,000 pounds per square lilnch
for the symmetrical beam. 1In neither case has the actual
E of the material in the corrugated sheet been determined,
since further testing was contemplated and it hes not
seemed advisable to destroy the sheet. The values used
are, howsver, prodbadbly within 2 percent of the actual for
beems and sheet.

As in the case of the symmetrical epecimen, the error
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in computed stress dus to inaccuracy in gage location or

load measurement varies from .about 0.4 percent at section

A to about 1.4 perceit at section~C. As has been mentioned

previously,; a-value of E .based on the behavior of the

8lde beams alone has been used, 'Standard values of E and
G for 24ST alloy have beén used for the sheet iteelf.

In the comparison.of the :observed.and the computed
stress data, however, the errors resulting from the fore-
going causes are obscured by those produced by local dis-
tortion or buckling of the corrugated cover sheet. The
observed stresses at points where buckling was apparent
show & greater deviation from the.computed velues, or from
observed values at adjacent pointa than can be attributed
to instrumental errors or to lack of precision of the com-
putations or date. It is therefore believed inadvisable
to ‘aettempt any estimation of the precision of .the - reaults
as & whols.

Computation of Stresses . .- - T

From equations (70) %o (73), (86), and (87) of part I,
the stress parallel to the x~axis at any point ¥y inches
from the center of the.corrugeted sheet may .be determined
for given values of the pertinent vaeriebles. The solution
of the equations is more tedious than in the symmetrical
case, though not difficult.

Because of the 20- -percent discrepancy between computed
and observed stresses on the symmetricel beam and because
of the fact bthet thls discrepancy was attributed to the low
efficlency of Joint between cover sheet and side beama,
some of the quantities employed. in the computation of at
stresses on the unsymmetrical beam are based on data
tained . from preliminary tests of the.side beams, with and
without cover plates. They are thus ‘'somewhere between
purely theoretical values dependent upon the geometrical
propertles of the sectlions -employed, and .purely empirical
values, back-iigured from tests on the completed test .speci-
men. The procedure will therefore be deecrihed in consid-
erable detail.

mransverse hending tests were made on both the 4-1nch
HE~- beems and the 8-inch I-beams beforse any holes were
drllied in the flanges, after the holes were drilled, and
efter the.l/4-inch by -4-inck cover Pplates were -added in
order to determine the values of EI of the sectlon. The
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beams were supported near the ends and loaded at ths cen-
ter; deflections at the center were measured on dial gages
and the equlvalent EI. values determined from the deflec~
tions, & correction being mac> for the deflection due to
shear. For the 4-inch H-bVeam, the XI. without cover plats
is 112,000,000 pound-inched®, while it increases to dut
142,000,000 pound-inches® with the 4-inech by 1l/4-inch cover
plate.added. The Ixx, of the section used was computed

from its actual dimensions to be 10.72 inches?; hence the
effective E was 10,450,000 pounds per squdre inch. The
area of the actual section was 4.10 square inckes.

Dividing the EI of the beam with cover plate by
10,450,000 yields 13.6 inches® for the I of the combina-
tion. The area 'of the cover plate being 1/4 X 4 = 1,0
square inch, the moment of inertia about the centroid of
the combination would be

I = I, + Age” + nAg(2.126 - e)?
when I, = 10.72 inches*
A, = 4.10 square inches

distance between centrold of H-deam and that
of the combination

n = efficlency factor for cover plate
A, = cover-plate area = 1.0 square inch
Then 13.6 = 10.72 + 4.10 e2 + n&,(2.1256 -~ e)?

By trying various values of 1n, the value of - e may be
uniquely determined; and whemr @ = 0.74, e = 0,325 inch.
The distenceé between centroid of beam and cover plate, and
the extreme fidber of the. beam is then ep = 2.325 inches.

With this value established, it ie possible to deter-
mine the I of beam and cover plate, and of the 4~inch
strip of corrugated sheet which is attached to the flange
of the H-beam.

Ap = 4 X 0,0508 + 4.10 + 0,74 X 1.00 = 5.043 square inches

eq + (o.osoa/z)(aoa}Ac)= (2.3504)(4.84)

= = 2,260 inches
: Ag 5.043 °

whence
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I, = 136 + (4.84)(0.0954)° + (0.2032)(2.255)% = 14.679 inchee*

The above values of e; and I, are used in the stress
determinetion. ' ’

;For the 8-inch I-beam the EI of the plain beam was

567,000,000 pound-inches®, and the. I . determined from

the section used was 57.12 inches?, glving an effective E
of 9,750,000 pounde ‘per square inch,., With the cover plate
added, the ZEI "became: 666,000,000 pound-inchee2 indicat~
ing an effective ‘I of ‘68,31 inches The cross—-sectional
area of the beam having beén deternined to be 5.45 square
inches, the value of e 'was found:to-be 0.5 inch, and 1 =
0.75. The value.of .-e, was thus 4.5.inches, Aqp = 6.4032
and 33 became 4, o8 inchea with Iz = 73, 35 inches®*.

It ise interesting to note that the efficiency of the
cover plate 1s, in both cases, about 75 percent, indicating
that ‘the bolted conhections used.did naot permit the plate
to develop the stresses which the ordinary beam theory
would indicate, owing poessibly.to slip in the conmection
or to & nonunlformity of: streas.-distribution in the cover
plate, It is believed .that ,this phenomenon explains, at B
least in part, the discrepancy between-computed and obeerved
streeees in the case of the symmetrical beem.

In the following peges), etreeses are computed for vari-
ous polnts in test sections A, B, and C, e0 that curves
may be Grawn for comparison with the observed stresses ob-
tained from the straln gages. Two cases are considered: .
one in which the width w 1is taken as the developed.width
between the ‘center of the.corrugated sheet and the near
edge of the. . beam flange, 16.53. inches- the other 1in which
w 18 teken to the centers of. the beams, 18.53 lnches. 'In
both cases the length of the section is taken ag 47 inches,
the distance between the cdenter.llines of the bolts con-
necting the traneveree atiffeners to.- the corrugated eneet.

The pertinent quantitiee for uee in the strees eqaa-
tions . for case I are given in table X. . . .

In the eecond case, the width of the cover sheet is
taken to the center of the side beems; so the portion con-
sidered acting with. the-eide beam and its cover plate is
but 2 instead of 4.inches wide. ..This change modified the
A, I, &and e values slightly: a8 shown. in. table XII,
which summarizes the pertinent valnes for use in the strees
formulas, .
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Observed Stiresses

Table XIV summarizes the stress date for an applied
load of 8000 pounds on the test smecimen. Because of the
buckles In the corrugated sheet, the sirains for the
"8000-pound load" are actually obfaeined by differences
between those for loads of 6000 and 14,000 pounds, 1t
heving heen. found that the buckles were considerably re-
duced under the  6000-vound load so that reasonable agree-
ment between computed and ovserved etresses could be ex-
pected. In the computetion of stresses from the measursd
strains, X wae taken &s 10,100,000 pounds per sguare
inch, the mean between the effective E values found for
the two side beams. Since the beams had two different
modull, and since the corrugated gsheet probably had a
third, some average or weighted value was mandatory azd
the above was adopted as resasonable,

The Huggenberger tensometers and most of the fine-
wlire gages were located on the crests of tas corrugatioans,
that 1s, on the side nearest the neutral axis of the
speclmen. Some of the fine-wire gages were located in
the troughs of the corrugations, as is shown in figure 22
which givea the locue of the gages at each section.

The stresses tabulated above for an 800C-pound in-
crement in load are plotted in figure 23 and a broken line
is drawn throuzh the points representing the gages in the
wvave troughs. . It is to be noted that the stress curves
computed from equations (70) to (73), (86), and (&7), in
sections A and 3B 1lie for the most part between the
stresses 1lndicated by the gages in the trough and_those
on the crest of .the waves. This result should be expected
because the theoretical data presuppose a flat sheet lying
in the plane of the nodes of the corrugetions but having
properties-egqual to those of the corrugated shest, It was
thought thaet with the load carried by the cover sheet be-
ing introduced as shear at the edge of the sheet, the nor-
mal stresses at crest and trough would be the same, & fact
which was nelther proved nor disproved on the symmetrical
beam because too few gages were employed to give conclu-
sive data. ' ‘

On the unsymmetrical epecimen, sufficlent gages were
employed to show that the normal stresses varied between
crest and trough, probably because the corrugeted sheet
assumed essentially the same elastic curve as the sicde
beams so that bending stressee were developed in the sheet.
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Gages were not-used on both /s'ides of the' currugated sheet
at any station; so "it is impossible’ to "evaluate the nor-
mal etress at the.midplane of the sheet’ ° The* sheet was
80 thin that the difference -between the ‘Buriace stress
and the midplane atreee is oelieved to be emall.

e )

-

Conclue;one and Suggeetione for Further Besearch

On the baeis of ‘the ‘date' 'shown in figuree 23(&) and
23(b) for sections A and B, it may be concluded that
the theory developed in part I of this report is 1in very
close ‘accord with the 8tresa- d¢is tribution occurring in
this corrugeted sheet, the agreement being better than
that for the eymmetrical bean, It must be remembered,
however, thaet a modified EI was used for the side beams
in the unsymmetricsl specimen and, since the modification
was mede in the direction which the symmetrical specimen
indicated to be hepes&éryj a better egreement was to be
expected. Regardless of thile- fact, the agreement between
theoretical and observed stresses on these specimens 1is
such as to substantiate the sssumptions and indlcate that
the methods developed in part I are satisfactory for pre-
dicting the effects of shear lag on the distribution of
normal stresses in corrugeted sheets used as chord members

of box beanms. It is, of course, imposslible to state
categorically that the agreement attalned on these speci-
mens can be expected in =211 cases, whether the cover shest
be in tension or compression and whether the range in
stiffnesses of the side beams be small or large. Further
studlies on & number of speclmens would be necessary before
such a conclusion could be established, but the evidence
obtained on these beams indicates that the theoretlcal de-
velopment 1is sound.

It 1s therefore suggested that the research be ex-
tended to cover the followlng polnts:

1. Further tests on the same specimens with addi-
tlonal transverse stiffeners.

2. Further tests on & similar specimen with greater
varlation in stiffnesses of side beams, with
the same and with additional transverse stif-
feners.

3. Tests on a symmetrical specimen havling corrugated
chords top and bottom, simulating an actual
airplane wing spar. (Such a procedure was
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impracticab’e untili the .development of the
fine-wire strain gage due to cost of eguip-

ment and inaccessibllity of gages when 1in-
stalled- in the be=>m.) .

4. Teats on unsymmetrical specimens having corru-
geted chords top and bottom.

5. Tests on an actual airplane wing panel with due
regard for stresses in riba and other stif-

fening members.

6. Extansion of the procedure to etiffened flat-
sheet panels, and & .similar series of tests

to exploit its apricability.

Guggenhelm Aeronautics Laboratory,
Massachusetts Institute of Technology,

Cambridge, Mass., June 4, 1940.
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Table I - Check of Gage Fsctors> @ §3§ §§§ ggs_
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Table II = Varistion of Distance with Load at Qenter for
E;n;_ybm,!tufmr (from crest of corrugation to bass
0. omx

Pehle III ~ Variation of Distanoe with Load at Oenter for K
t End Stifferer (from crest of oocrrugsation to base =]
of H=besm)
L]
tation 1| 8 5 alalelvla °qu§§§§ 3
I-o:g.\k L | [ I a § ° 8
t . e
enter (1b\ Distance (1n.) L 8 § 6‘ §§E§.§ g
Section A $ a Ao 8
o 5.87 | 5.92 | 5.95 | 5.98 | 5.95 |5.04 | 391 | 4,08 £ - A
4100 3,88 | 5.92 | 3.95 | 5.96 |5.05 |3.94 | 3.92 | 4.08 £ a § < ;ggag ]
8100 5.88 | 5.98 | 5.94 | 3.96 |5.05 | 5.9¢ | 3.98 | 4.08 8 s 2388 B
=
Section B . 2 s
o 3.91 |3.77 | 5.69 | 5.94 |3.87 |5.80 | 3.77 | 4.06 5 2 Py §d§=§ »
4100 5.91 |3.76 | 5.60 | 5.04 | 5.98 |5.08 | 3.01 | 4.08 a 3 3 h L
6100 3.9 |3.79 | 5.90 | 5.94 | 3.92 |5.86 | 5.01 | 4.08 3 E
©o
o P |-|3|e|unz 3
o 5.97 |5.61 | 3.91 | 3.98 |5.80 | 5.87 | 5.67 | 4.03 gls s
4100 5.96 |5.85 | 5.92 |5.94 |5.95 | 5.91 | 3.87] ¢4.02 ! ] z
8100 5.968 {3.83 | 5.98 | 5.04 [5.95 [5.91 [ 3.87{ 4.02 B F g gggsg 8
L4

Ssotion D ,‘.3 3 et a

° 5.86 {3.77 |5.88 |5.88 |5.91 |5.94 | 4.00 | 4.08 o n |owang

4100 5.85 |5.78 | 5.84 | 3.90 ;5.91 |5.95 | 5.98 ] 4.08 b 2

8100 5.86 [3.78 | 3.84 a.ools.so 3.98 | 5.98 | 4.08 o
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pounds per square inoh)
Hoavy End Stiffensr

" “feble 5.8

Table ¥ - Averags Stresses at Ssotion 4 (based on E = 10,300,000 T

Gage Station 1 2 3 4 ] ) 7 8
Developed dist. -
ifron oenber linef 18.14 |11.53 8.93 8.31 2.31 8.98 11.83 16.14
lof sheet, in.
Test Run A-1 |0.688 | - 0.541 | 0.481 - - - 0.803
A=-B .868 - 541 408 .4688 +569 .808 801
A=3 .878 813 580 -488 8524 «803 «807 -80%
A-4 «880 -.833 588 «479 539 594 808 778 _
A-5 714 .888 G411 «481 <404 5680 584 <767
Sum 3.486 [1.864 3.738 B.348 2.088 2,388 2.303 J3.048
Average
train x 10 in.|0.e852{0.6213 0.85476 | 0.4690 } 0.85088 | 0.58028 | 0.5988| 0.780 _
troas,1b/sq in.| 7080 6400 56840 4830 5840 5990 8100 8130
Light End Stiffener el e
Gage Btation 1 2 3 4 ] 8 7 8
Test Run 4-18 {0.7090 | 0,881 | O.549 | 0.488 [0.403 | 0.881 | 0.504 | 0.787
A-19 | .887 .835 534 +483 508 548 584 .'760
Sum 1.398 1.896 1.,085. | 0.880 |0.998 1.007 1.178 1.547 - —_
Average .
train x 10% in.{0.898 0.648 0.848 | 0,445 | 0.408 0,540 0.889 0.774 I
tress,1lb/sq in.} 7180 8880 BET0 4880 5130 86880 8080 7880

Teble VI - Aversge Stresses at Seotions B gnd E (based on B = 10,300,000
pounds per square inch)
Heavy End Stiffensr - h
! CGage Statiom 1 2 3 4 5 8 7 8 o )
Test Run 4-6 - 0.387 - - 0.358 | 0.804 | 0.506 -
A-7 440 «408 - - 378 - «378 -
! A-8 | .a32 392 | .z86 -384 +348 | .324 { .376] .68
i A-9 @ .428 .362 | .381 .287 353 - - .528
A=10] 444 3968 | .406 «392 «S44 384 330 | 480
A=11] .444 «37T1 -388 388 554 «381 «548 -
A-18 - 376 +«597 .388 319 +«361 «318 438
A-15| .440 401 390 «378 «381 « 563 «373 487
Sux 2.628 3.183 |8.318 2.878 2.740 1.977 8.433 | 2.469
Average
train x 107 in.]0.4380 0.3903[0.3863 | 0.3787 | 0.3456 | 0.32958] 0.3476 0.49
tress,lb/sq in.| 4560 4085 | 3980 3900 3840 3300 3580 | BOSO
Light End 8tiffener - -
Secotion B .
Gsgs Station 1 2 3 4 ] ) 7 8
Test Run A-820 0.408] 0.487 0.4828 0.368 | 0.338 0.335 | 0.326 0.49q )
A~21 470 407 397 «381 347 .338 303 +«460
Seotion B
Tost Run A-25! 0.481] 0.382 | 0.385 | 0.339 0,307 ] 0.394 - O.
A-28 « £33 «381 371 363 377 «400 «481 .
A-27 <448 «411 +381 - 356 «381 -408 428 + 451
Aver
Stress 5.‘&-.. B
1b/sq in. 4980 4310 4220 4000 5828 3488 3545 5030}
Average
Streas Sect. B 4880 3960 3760 3560 3800 4100 4340 4880
Average
S8tress Sects.
B snd B 4780] 4136 4008 37680 3560 3780 ' 3945 aeaui
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fahle X 2
Gasa I B-
Case I . .
Iy = 14.14 In.* Ia = 70.234 1n. E
I = 14.67 in.* Is = 72.38 in.* Ay = 4.9418 sq In. An = 6,3018 aq in. -
Q
Ay = B.OLS sq in. An = §.4032 aq in. o1 = B.308 in, oa m 4.453 In. 2
ea = 2.366 in. ox = 4.380 in, L= 47 tn. g
e in. ' w = 18,55 in, P
-
¥ = 16,53 in. K= 0808
gz 0.0808 Kw = 1.12%
Xy = 1,0017 tenh (xw) = 0,7887
tomh (mw) = 0.7884 ooth {&wj = 1.5043
coth (xw) = 1.3118 o = ROUH EN + LanD WY _ ;3 o4io
d = m;:_m = B.0706 }
$- Mﬂ“ = 0,4787
p- %J!‘%EM = 0.5485 N
I : &- = 0.8484 &, = 0.840
14 0111:.
‘—A-I—' 0.6550 - 0-6895 .
‘. = 1+ 1 - '1
(Bl ™ A~ 53X = 0.1008 Ap 0.1484
A= 3¥ = 0.16881 Ar camae P = Pi+ Fa = 8000 1b
EP = Py + Px = 8000 1b Subatitution of the ebove wvaluss in equations {70) to (73;, (88)
1
Substitution of these values in equations (70) to (73), (84} md (87) ylelds,
ma (B7) 1ds 83(0
» Yie i o) = 0.5507
) )
= 0.5301
Hﬂ' . Ex = 0,1040
. r-
Ea  0.1085 2
E-‘} . P1 = 853.8 1b, Pa = 3347.5 1b. S
Py = &56.9 1h, Pa = 3343,1 1b, #2(0) = ~ BBV 2a(0) = - 180.55 B
p1{0) = - £35.49 s={0) = - 183.90 k

| . . [
I . -
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Table XIIX - Computed Btresses

Case IT
Streasers
Bect A | Beot H Beot 0
Faey, | 7 |oomb kyjaiah «y . _;J.nl:j[: I-xw41.8(7 -xmg8 [~xm10
18.83/1.185(|1.700 | 1.374 |121.98 |-37.39 84.57| 3810 | m1%9 | e4a
18.00| .9090{1.442 | 2.040 |103.48 | -38.30 7s.15| 3120 | 106s | ves
18.00] .7872{1.976 | .7888 | 91.84 [-21.38 7o.,18| 2912 | 1884 | 708
9.00( .645¢(1.152 | .5720 | 8s.64 |-15.50 67.05] 2783 | 1745 | e
6.00| .5836|1.087 | .3718 | 7e.m8 |-10.11 es.44| @787 | 1727 | ee4
5.00{.1818(1.026 | .1820 | 78.00 | -4.88 67.91| ze1s | 17ee | &m0
0.000 © 1.000 0 mas| o T.76| %978 | 1ess | T8
-3.00|.1618(1.018 |-.1829 | 72.890 | +4.98 mr.e7| 3ese | soss | e
-6.00| .56368(1.087 |-.5718 | 78.85 | 10.11 ss.es| 3508 | 2983 | 8ev
-6.00| 5464 |1.1858 |-.5720 | e2.84 | 15.80 98.25| 4077 ! 2884 | se8
L12.00} 7272 {1.976 [-.7868 | 91.84 | 21.38 [112.02] 4888 | 2938 | 1189
18,00 .9090 [1.442 }-1.040 |105.48 | 88.30 [13..75! Base | 3428 |1518
-18.55/1.125(1.700 | 1.574 [181.96 | 37.30 [1ee.36] s613 | 4143 | 1804

Theas data are plotted in figure 235 as dash lines.

Table XIV - Btress Data for 8000-Found Losd on Beam

| sestion & Bsction B | Bection G
Elae Hy. |Btress | Gage Ko. | Stress lo-p Nq. | Strea
{1b.) {1b,) (1b, )
H~3 4080 0-8 2880 I-1 -

H-4 3780 0-8 G-11 558
H-B 570 ! B-8 1910 r-8 788
A-2 ; B 1680 ~9 1010
A3 2870 B-8 1830 710 182
1 Img 5 2000 P-11 a4e
4 , 87 9 2050 G-1 374
A8 : 3110 B-10 1910 -2 888
4-8 | 2630 B-11 £110 @-3 428
Hugg 8 | 2300 -1 1870 G-4 475
A7 | 2830 P-3 1730 a-8 50
A8 | 3380 !Hugg & 1780 G-8 1870
A-9 ) 2800 »-3 1950 a-7 1308
3 | 3180 P-4 8780 I-8 1840
»-5 3330 I-4 1980

G-10 4130

G-9 4410

Table 13,14
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Pigure 6.- Test beam as
seen from above.
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Figure 16.- Loading system, unsymmetrical beam.
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Figure 17.- Btrain gage mounting on
unsymmstrical beam.
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Figurs 190.

Figure 19.- Tools for meking fine-wire gages.
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